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Abstract. Plant tissues exhibit a cellular structure, where the tissue cells compose a
solid skeleton, and the intercellular space is filled with gaseous air and/or liquid water.
Under frost exposure, the pore water may freeze and turn into solid ice. As a multiphasic
material, plant tissues can be meaningfully described by the Theory of Porous Media
(TPM). In the proposed TPM approach, the solid constituents, i. e. the solid skeleton and
the ice, are kinematically coupled and described within the framework of thermoelasticity.
Generally, porous media with assumed materially incompressible solid constituents are
described as a compressible material, since a volumetric deformation can be realised by
a volume change of the pore space. However, freezing of the pore water leads to an
increase of the solidity even until a vanishing of the pore space. Therefore, the so-called
point of compaction (compression until the pore space is cleared) needs to be considered
in the material description of the solids. The present contribution aims to introduce a
quarternary modelling approach applied to frost-resistant plant tissues with an emphasis
on the description of coupled thermoelastic effects. In particular, the impact of pore-water
freezing on the derivation of a strain-energy function for plant tissues is discussed leading
to a new thermodynamically consistent material formulation.
1 INTRODUCTION
Frost-resistant plants have developed several strategies to cope with subzero temper-
atures. For example, plants have developed strategies to hinder freezing, e. g. by deep
supercooling [1], which is a phenomenon describing a significant lowering of the ice nu-
cleation temperature, way below 0◦C. But they have also developed strategies when ice
formation cannot be prevented. In that case, the porous structure of plants plays a crucial
role. The porous structure is originated by the arrangements of single cells [2]. Therefore,
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the tissue cells are considered as the solid skeleton, while the intercellular space is filled
with gaseous air and liquid water. The crucial mechanism, when freezing cannot be pre-
vented, is the dehydration of the cell body [2], since freezing within the cells represents a
critical process threatening the ability of a plant to survive [3]. This mechanism, where
the water is with decreasing temperature no longer trapped within the cell body, leads
to a change in solidity. Therefore, the water loss of the cell body represents one type of
mass transfer. Another type of mass transfer occurs within the pore space, i. e. the phase
change of the water from a liquid state of aggregation to a solid one. This also leads to
a change in solidity. Due to the assumed material incompressibility of the solid compo-
nents, one has to consider the compaction point when the overall behaviour changes its
characteristic from compressible to incompressible as the pore space vanishes. This was
described by Ehlers & Eipper [4] for materials under isothermal conditions by introducing
an additive split of the strain-energy function of a Simo-Pister -type material description,
where the necessary condition of the compaction point was included. Bluhm [5] extended
this approach to non-isothermal conditions, however, with the assumption of constant
effective densities and no inclusion of mass transfer. Based on these works, a material
description is needed for plant tissues, which can be modelled as thermoelastic porous
materials, characterised by two solid (materially incompressible) components including
mass transfer and the existence of the compaction point.
2 MODELLING FROST-RESISTANT PLANT TISSUES
2.1 Quarternary modelling approach
Since plants are porous materials, a sound multicomponent and multiphasic model is
realised within the TPM. Its current understanding is outlined in the fundamental works
of de Boer [6] and Ehlers [7, 8] and citations therein. Relevant approaches with regard to
phase transition processes within the TPM are given in Ehlers & Ha¨berle [9] and Bluhm
et al. [10].
Applying the TPM to frost-resistant plant tissues, the basic model consists of four
constituents ϕα, cf. to Eurich et al. [11], namely tissue cells (α = S), which contain
initially trapped water, a pore gas (α = G) and pore water (α = L), which may turn into
ice (α = I), such that
ϕ =
⋃
α
ϕα = ϕS + ϕG + ϕL + ϕI . (1)
As a basic prerequisite of the TPM, these constituents are volumetrically averaged over
a representative elementary volume (REV). This results in a homogenised continuum-
mechanical model with superimposed and mutually interacting constituents, as shown
in Figure 1. The local amount of each constituent ϕα can be addressed by the volume
fraction
nα =
dvα
dv
. (2)
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Figure 1: Representative elementary volume (REV) with schematically displayed micro-
structure of frost-resistant plant tissues and macroscopic multiphasic and multicomponent mod-
elling approach.
Since there is no empty space in the domain, the volumetric constraint∑
α
nα = nS + nG + nL + nI = 1 (3)
holds. Having the definition of the local volume fraction in mind, two densities can be
introduced, the effective (realistic) density ραR = dmα/dvα as the ratio between the mass
element dmα of a constituent ϕα and its volume element dvα and the partial density
ρα = dmα/dv as the ratio between the mass element dmα and the volume element dv
of the overall aggregate. These two measures are connected by the volume fraction via
ρα = nαραR. For materially incompressible constituents (such as in the present model the
solid skeleton, the ice and the water), the realistic density depends only on temperature.
Instead, the realistic density of materially compressible materials (such as air) is a function
of temperature and pressure.
2.2 Kinematics
2.2.1 State of motion and kinematic coupling of the solid constituents
Within the framework of the TPM, each constituent ϕα can, in general, have an inde-
pendent state of motion. In order to guarantee independent motion functions, one has to
introduce formally individual motion functions and velocities for each constituent, viz.:
x = χ
α
(Xα, t),
′
xα =
∂
∂t
χ
α
(Xα, t). (4)
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Therein, the motions and velocities depend on the reference configuration Xα of the
respective constituents. The deformation of the solid skeleton is described by the material
deformation gradient
FS =
∂χS(XS, t)
∂XS
. (5)
For the motion of the ice, a kinematic coupling is introduced as sketched in Figure 2.
Therefore, the ice is assumed to be attached to the solid skeleton when the pore water is
freezing [10]. This implies that drifting ice particles in the pore space are not considered.
O
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Figure 2: State of motion and kinematic coupling of the quarternary TPM model.
With this kinematic coupling, the motion of the solid skeleton and the ice is divided
into a state before the ice formation is initiated, i. e. the pore water is liquid, and a state
thereafter. Before freezing, the liquid pore water can be mobile within the pore space.
The intermediate configuration represents the reference configuration XI where the liquid
water turns into solid ice and is attached to the solid skeleton. Therefore, the motion
of the solid skeleton and the ice for subsequent configurations is kinematically coupled,
indicating an identical state of motion and identical velocities via
χI(XI , t) = χS(XS, t), ⇒
′
xI =
′
xS. (6)
In order to define the deformation gradient of the ice, we proceed from the respective
derivatives
∂χS(XS, t)
∂XS
=
∂χI(XI , t)
∂XS
=
∂χI(XI , t)
∂XI
∂XI
∂XS
. (7)
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With the definition of the material deformation gradient for the solid skeleton (5), the
expression above can be used to formulate the material deformation gradient of the ice
according to (7), viz.
FS = FIFS0 ⇒ FI = FSF
−1
S0 . (8)
This implies that the deformation gradient of the solid skeleton can be split multiplica-
tively into the deformation FS0 before the onset of the phase transition and a deformation
FI after the onset. The volumetric deformation of the solid skeleton and the ice can be
derived based on the determinants of FS and FI , via
JS = detFS
JI = detFI = det (FS F
−1
S0 ) = detFS detF
−1
S0 = JS/JS0.
(9)
2.2.2 Decomposition of the thermoelastic deformation
The inclusion of thermal effects into the coupled description of deformation for ther-
moelastic materials can be achieved by a multiplicative split of the deformation gradient
Fδ for the solid constituents δ = {S, I}, cf. [12]. Here, the approach of Lu & Pister [13]
is used
Fδ =
∂χ
δ
(Xδ, t)
∂Xδ
= FδMFδθ, (10)
where FδM represents the purely mechanical part of the deformation and Fδθ the purely
thermal part, which is defined by a fictive mechanical unloading.
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Figure 3: Multiplicative decomposition of the thermoelastic deformation.
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Since isotropic thermally induced volume changes are assumed, the thermal deforma-
tion is, according to [13], given via
Fδθ = (detFδθ)
1/3 I, detFδθ = exp [3α
δ(θ − θδ0δ)]. (11)
2.3 Volume fractions
An energetic inclusion of the compaction point into the material description requires
the specification of the volume fractions of the respective solid constituents. These can
be derived by evaluating mass balances of the constituents
(ρα)′
α
+ ραdiv
′
xα = ρˆ
α, (12)
where (ρα)′
α
denotes the material time derivative of the partial density with respect to the
motion of ϕα and ρˆα is the mass exchange (in the present case the cell dehydration and
the freezing of the pore water). As the material density of the solid skeleton and the ice
are due to the material incompressibility solely a function of temperature and given via
ρδR = ρδR0δ (detFδθ)
−1 = ρδR0δ e
−3αδ(θ−θδ
0δ
), (13)
the volume fraction can be derived by a formal integration of the mass balances and
considering the temperature-dependent density ρδR which results in
nδ =
nδ0δ
detFδM
exp(
∫
t
t0
ρˆδ
ρδ
dτ). (14)
This indicates that the volume fraction of the solid skeleton can be decomposed into a
growth-dependent part and a part that depends on the mechanical deformation.
3 STRAIN-ENERGY FORMULATION
3.1 Introduction of the compaction point for a thermoelastic solid with mass
transfer
For the development of an appropriate material description for the solid skeleton, the
material incompressibility needs to be considered. However, due to the porous structure
also large volumetric deformations can occur when the porosity changes, which indicates
in general JS = detFS �= 1. Therefore, according to Ehlers & Eipper [4] and Bluhm
[5] a compressible material law has to be considered as long as the pore space can be
compressed. However, in the present case when ice formation occurs, the pore space
vanishes (nF = 0). In accordance, this indicates an incompressible characteristic and,
hence, the existence of the compaction point.
As the volume fractions are essential for the development of the strain-energy function,
their amount is specified for the respective solid constituents by
nS =
nS0S JSθ
JS
exp(
∫
t
t0
ρˆS
ρS
dτ), nI =
nI0I JIθ
JI
exp(
∫
t
t0
ρˆI
ρI
dτ), (15)
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where JSM = detFSM , JSθ = detFSθ, JS0 = detFS0, JIM = detFIM and JIθ = detFIθ
determine the volumetric deformations. Since the motion of the ice and the solid skeleton
is coupled, there exists a relation between the corresponding volumetric deformations
according to equation (9)2, which results in
JSM JSθ
JS0
= JIM JIθ. (16)
At the compaction point, the pore space vanishes indicated by nS + nI = 1. Consider-
ing the integrated volume balances, the volumetric deformation of the solid skeleton is
constrained by the compaction point
J˜S = n
S
0S JSθ exp(
∫
t
t0
ρˆS
ρS
dτ) + nI0IJS0 JIθ exp(
∫
t
t0
ρˆI
ρI
dτ). (17)
Therefore, the constraint for the volumetric deformation of the solid skeleton reads
0 < J˜S < JS <∞. (18)
3.2 Additive split of the strain-energy function for the solid skeleton
The basis for the considerations concerning the development of the strain-energy func-
tion W S is a Simo-Pister -type material law [14], which was originally proposed for a
compressible material under isothermal conditions in the form
W S(IS, JS) = US(JS) + w
S(IS) = U
S(JS)− µ
Sln JS +
µS
2
(IS − 3), (19)
where IS = CS · I is the first invariant of the right Cauchy-Green deformation tensor
CS = F
T
S
FS . For the specification of U
S(JS) several approaches, depending on the
application, are on the market. Their characteristics are reviewed in Hartmann [15].
For a porous medium under isothermal conditions describing the compaction point, the
approach by Ehlers & Eipper [4] is emphasised.
For a thermoelastic material, the above mentioned form of equation (19) can be ex-
tended to account for thermal effects [5]
W S(θ, IS, JS) =U
S(JS)− µ
Sln JS +
µS
2
(IS − 3)− 3α
SkSln JS(θ − θ
S
0S)−
− ρS0Sc
S(θln
θ
θS0S
− θ + θS0S),
(20)
where µS is the second Lame´ constant, αS the thermal expansion coefficient, kS the bulk
modulus and cS the specific heat. The temperature is denoted by θ, whereas θS0S is the
initial temperature.
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3.3 Constraints and a new strain-energy function
Within the framework of the TPM, hyperelastic material descriptions, where the extra
stresses can be derived from an energy potential [7], require for the consideration of the
compaction point the following conditions to be fulfilled [4].
Undeformed configuration: In the undeformed configuration, i. e. JS = 1, the strain
energy as well as the hydrostatic Cauchy stress vanishes, viz.:
US(JS = 1) = 0 and
∂US
∂JS
(JS = 1) = 0. (21)
Compaction point: In the case that the deformation reaches the compaction point, the
necessary energy and the hydrostatic compressive stress have to be infinite
US(JS → J˜S)→ +∞ and
∂US
∂JS
(JS → J˜S)→ −∞. (22)
This condition replaces the condition for non-porous, compressible materials, where the
singularity is reached when J → 0. Here, the transition from the compressible to an
incompressible material law represents a singularity.
Growth condition: When the local porosity approaches unity, the necessary energy and
the necessary (tensile) stress have to be infinite
US(JS → +∞)→ +∞ and
∂US
∂JS
(JS → +∞)→ +∞. (23)
Convexity condition: In order to ensure local material stability, polyconvexity of the
overall strain energyW S has to be fulfilled [16]. Under the assumption that the volumetric
extension US is twice differentiable, this conditions requires the second derivative with
respect to the Jacobian JS to be positive semi-definite
∂2US
∂J2
S
≥ 0, ∀JS > J˜S > 0. (24)
Compatibility assumption: As the linearised material law is supposed to result in
Hooke’s law, the first Lame´ constant ΛS is determined via
ΛS :=
∂2US
∂J2
S
(JS = 1). (25)
A new polyconvex strain energy: An analogous procedure as presented by Ehlers &
Eipper [4] leads to a material description in a comparable form that meats the requirement
of the present case:
US(JS) =
ΛS
γS0 (γ
S
0 − 1) +
2
(J˜S−1)2
[J
γ
S
0
S
− (γS0 +
2
J˜S − 1
)JS+
+ γS0 +
2
J˜S − 1
− 1 + ln (
(J˜S − 1)
2
(J˜S − JS)2
)].
(26)
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Therein, γS0 ≥ 1 is a material parameter controlling the volumetric behaviour, cf. [17].
3.4 Discussion of the volumetric extension to the strain-energy function
Within the framework of hyperelasticity, the mechanical extra stress in terms of Cauchy
stress can be derived based on thermodynamical considerations via
TS
Emech
= 2
ρS
ρS0S
FS
∂W S
∂CS
FT
S
. (27)
For a study concerning the compaction point, only the stress originating from the volu-
metric extension US(JS) under isothermal conditions is considered, viz.
∂US
∂JS
=
ΛS
γS0 (γ
S
0 − 1) +
2
(J˜S−1)2
(γS0 J
γ
S
0
−1
S
− γS0 −
2
J˜S − 1
+
2
J˜S − JS
). (28)
Note that for each configuration the limiting value J˜S for the Jacobian JS may change,
particularly due to mass transfer. For further discussions γS0 = 2 was chosen. This yields
the form for compressible solid constituents under isothermal conditions according to Simo
& Taylor [18], as shown in [15], when there is no compaction point, i. e. J˜S = 0. This
exemplary situation is compared to the case with compaction point, where the limiting
value J˜S = 0.5 of the Jacobian was chosen. Figure 4 shows that a deformation state under
compression is penalised when getting too close to the point of compaction.
∂U
S
∂JS
[ΛS]
0
JS1J˜S
compressible
porous, incompressible
Figure 4: Characterisation of compressible materials and porous, materially incompressible
materials with compaction point J˜S .
Furthermore, the material description has been investigated by a virtual tension-
compression test indicating a uniaxial state of stress. Note in passing that stability issues
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under compression are not addressed. The deformation is given via
FS =
λ 0 00 λL 0
0 0 λL
 ei ⊗ ej , JS = λλ2L, (29)
where λ = L/L0 is the axial stretch and λL the unknown lateral stretch. When isothermal
conditions are assumed, the lateral stress according to (27) in the directions e2 and e3
vanishes
0 =
ν(J˜S − 1)
2
(1− 2ν)(J˜2
S
− 2J˜S + 2)
�
2λλ2
L
−
2J˜S
J˜S − 1
+
2
J˜S − (λλ2L)
�
+
1
λ
�
1−
1
λ2
L
�
, (30)
resulting in an implicit equation in λL, which has been solved numerically. For other
temperature configurations, a similar derivation can be performed. For a numerical case
study, the Poisson ratio ν = 0.25 was chosen, which is a commonly applied value for plant
tissues. For a given stretch λ, the corresponding lateral stretch λL according to (30) is
displayed in Figure 5.
0
0
0
1
1
1
1
3
λ [−]λ [−]
λL [−]
2
2
2
1.5
0.05 0.1 0.5
0.5
JS [−]
compaction point
Figure 5: (Left): Lateral stretch - axial stretch for an uniaxial tension-compression test.
(Right): Jacobian JS - axial stretch for an uniaxial tension-compression test. Note that the
axis of abscissa is scaled logarithmically. The compaction point is indicated for the compression
state.
The sketches in Figure 5 show the lateral stretch λ and the Jacobian JS as a function
of the applied axial stretch, yielding a physically reasonable response. In particular, in
the compression regime the volumetric deformation is constraint by the limiting value J˜S
indicating the point of compaction.
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4 CONCLUSION
Within this contribution, the derivation of a material description for frost-resistant
plant tissues is addressed. Therefore, a number of basic definitions and considerations
are necessary. First, the modelling approach based on the TPM needs to be introduced.
Furthermore, the deformation is described in detail under the assumption of thermoelas-
ticity and a kinematic coupling of the ice to the solid skeleton. These notions are crucial
for the derivation of the volume fractions of the solids, which essentially determine the
compaction point. The compaction point was included in the material description, which
has been shown to describe the phenomenon of the compaction point properly.
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